In this work a one-dimensional piecewise-linear map is considered. The areas in the parameter space corresponding to specific periodic orbits are determined. Based on these results it is shown that the structure of the 2D and 3D parameter spaces can be simply described using the concept of multiparametric bifurcations. It is demonstrated that an infinite number of twoparametric bifurcation lines starts at the origin of the 3D parameter space. Along each of these lines an infinite number of bifurcation planes starts, whereas the origin represents a three-parametric bifurcation.
Introduction
Dynamical systems with a piecewise defined system function are a very important subject of interest from a theoretical and application point of view and have been intensively investigated in the past years. They occur naturally in many scientific disciplines. For instance, in electronics adequate models of some power circuits (such as dc/dc converters) are represented by dynamical systems with piecewise-smooth system functions (both continuous and discontinuous) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Additionally, the models of some mechanical systems such as impact or stick-slip oscillators are represented by dynamical systems with piecewise-smooth discontinuous system functions (see, e.g., [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] ). Furthermore, piecewise-smooth and discontinuous maps occur naturally as Poincaré return maps of dynamical systems continuous in time, which exhibit chaotic dynamics [26, 27] . In this case, the discontinuity of the system function is based on the stretching, squeezing and folding phenomena, which are inherent to chaotic attractors. One of the most important characteristic properties of dynamical systems with piecewise-smooth system functions is their ability to undergo border-collision bifurcations. These bifurcations, occurring at the border between partitions in the state space, were intensively studied in many works, for instance, in [28-50, 5, 7, 10, 21] . Recently, several types of border collision related bifurcations were found, such as corner collision, sliding bifurcations and dangerous border collision bifurcations [42, 49, 51, 52] . Overviews about bifurcations in piecewise-smooth dynamical systems and related phenomena can be found, for instance, in [13, 25, 49, 50, 53] . Multi-parametric (or co-dimension n > 1) bifurcations are bifurcations which can be observed only under simultaneous variation of some number n > 1 of system parameters [54] [55] [56] [57] [58] [59] . These bifurcations are, in general, a challenging topic and are currently the main focus of many publications in the field of nonlinear dynamics [48, 50, [60] [61] [62] . As in many of these fields, they also lead in the case of piecewise-smooth systems to a large number of open questions.
In this work we present some results related to this topic obtained by the investigation of a piecewise-linear map. There are mainly three reasons for the investigation of a piecewise-linear map.
• In this case many results can be obtained by pure analytical calculations.
• Meanwhile it is known that piecewise-linear maps represent some kind of normal forms for some border-collision bifurcations [63] .
• The basic principles and mechanisms leading to many border-collision related phenomena can be studied without loss of generality using piecewise-linear systems. Fortunately, in this case it is possible to separate the phenomena induced by interactions with borders in the state space from phenomena based on other nonlinearities.
For these reasons, piecewise-linear maps represent an important framework for the investigation of piecewise-smooth systems. Therefore, piecewise-linear maps have been used since early works on this field [32, 35, 64] . Later, they were intensively investigated by many authors (see for instance [7, 45, [65] [66] [67] [68] [69] [70] ). Some well-known scalar dynamical systems belong to this class, such as the tent map and the Bernoulli map [71] . Examples of two-dimensional piecewise-linear maps are the Lozi map [72] , the Gingerbreadman map [73] and Smale's horseshoe map [74] . The system discussed in our work is similar to the models used in [75] for the investigation of the simplified Oregonator ( [76] [77] [78] ). Our paper is organized as follows. In section 2, the investigated dynamical system is defined and some of the notation used is introduced. Then in section 3, the characteristic areas in the parameter space are identified and the region of the parameter space is specified, which we investigate in more detail. In order to get an overview of the dynamic behaviour of the investigated system, some numeric results are presented in this section as well. After that, in section 4 the mechanism leading to the existence of stable periodic orbits in the investigated system is briefly discussed and some analytical results are obtained. Based on these results in section 5 the bifurcation structures in the 2D parameter space depending on the third parameter are described. Section 6 unifies these results and describes the overall structure of the 3D parameter space. In section 7 the presented results are considered in a more general context and the concepts of two-and multi-parametric bifurcations are discussed. These concepts lead us to a simple explanation of the complex bifurcation structures in the 3D parameter space of the investigated system.
Investigated dynamical system
We consider a 1D map with a piecewise-linear system function, defined by Area in the 3D parameter space Asymptotic behaviour which maps the real axis R onto itself. As one can see, the parameter space of system (1) is three-dimensional. One aim of this paper is to describe the structure of this 3D space. Hereby we are mostly interested in periodic orbits of system (1) . In order to investigate these orbits, we will use one of the standard symbolic codings for 1D maps (see, for instance, [79] ). Hence, a point x < 0 is represented by symbol L and a point x 0 by symbol R. For a periodic orbit only the sequence corresponding to one period is written. As usual, the resulting symbolic sequences are shift-invariant; therefore, we use sequences starting with the symbol L. Additionally, the limit cycle corresponding to symbolic sequence σ will be denoted as O σ . The length of the symbolic sequence σ is denoted by |σ | and represents the period of the limit cycle O σ . As P σ we denote the area in the parameter space, where system (1) possesses the limit cycle O σ . Note that two areas P σ and P may overlap. In this case the corresponding limit cycles O σ and O coexist in the overlapping area P σ ∩ P . A sequence σ is called admissible for system (1) , iff there exists a parameter setting where system (1) possesses the limit cycle O σ , or, in other words, iff P σ = ∅.
Characteristic areas in the parameter space
Due to the simplicity of the investigated system function, a lot of results concerning its behaviour can be obtained analytically.
Except for the degenerate case a = 0, where each point x > 0 represents a fixed point, one can see that system (1) can possess maximal one fixed point, which is given by
and exists iff the left partial function f l (x) crosses the bisecting line f (x) = x on its domain x < 0. Hence, we state that the point x * is a fixed point of system (1) iff x * < 0. Obviously, x * is stable iff |b| < 1. It can also be easily shown that stable periodic orbits are possible iff a > 0 and |b| < 1. Table 1 shows the 12 characteristic areas in the 3D parameter space, which lead to different asymptotic behaviour (see also figure 1 ).
As one can see, the most interesting areas in the 3D parameter space are 9 , 10 , 11 and 12 . A significant difference between these areas is that the asymptotic dynamics in the area 11 is periodic, whereas in the areas 9 , 10 and 12 only chaotic attractors are possible. Some examples of the asymptotic behaviour in these areas are presented in figure 2 . For instance, the left part of figure 2(a) shows some dynamics in areas 9 and 12 . Here we observe a chaotic two-band attractor with some windows, where multi-band chaotic attractors exist. In the right part of figure 2(a), which belongs to the area 12 , we observe an impressive grid-like structure, formed by a regular sequence of bifurcations (chaos-chaos transitions), where the number of bands is increased by one at each transition.
The transition from a six-periodic solution to chaos, shown in the left part of figure 2(b), is similar to the transition from the fixed point to chaos in the case of the tent map. Varying parameter c from the area 11 to the area 12 at fixed values of a and b, one observes these transitions in system (1) for periodic solutions with arbitrary periods. In the right part of figure 2(b) one observes chaotic one-band attractors with regular peaks of the invariant measure. In the presented example these peaks are located at the points
Figure 2(c) shows a chaotic one-band attractor in the left part and the fixed point x * in the middle part. The right part of this figure belongs to the area 7 , where the orbits diverge towards −∞. Note that the boundaries of the chaotic attractor can be easily calculated and are given by x min = c and x max = f l (c) = c(b + 1). In the special case b = −1 (at the boundary between the areas 8 and 9 ) system (1) possesses an infinite number of coexisting two-periodic solutions, as is usual for conservative dynamical systems. All these coexisting (1) is shown. The bifurcation diagram shown in figure 2(e) has a shape similar to the previous one but shows only one-band chaotic attractors. Figure 2 ( f ) presents one-band attractors in the right part and two-band attractors in the left part.
Obviously, system (1) shows a broad spectrum of different dynamic behaviour and bifurcation scenarios. However, in this work we will concentrate on stable periodic orbits occurring in this system and leave the chaotic attractors for future investigations. Therefore, in the following the area 11 will be considered.
Periodic orbits and re-injection mechanism
Next we recall that the mechanism causing the periodic orbits in system (1) to occur is the re-injection mechanism described in [80] (see also [81] ). Function f r (x) forms some kind of channel with the bisecting line f (x) = x. Then an orbit performs a number of iteration steps within this channel, leaves it and is afterwards re-injected again into the channel by function f l (x). For an arbitrary n > 1 the resulting limit cycle corresponds to the symbolic sequence LR n−1 . One can easily calculate that this limit cycle is given by O LR n−1 = {x i |i = 0, . . . , n−1} with
and this existence area in the parameter space is
with a
and a
It can also be shown that the limit cycle O LR n−1 is stable in the complete area P LR n−1 and its Lyapunov exponent is given by
A brief sketch of the proof of equations (3)- (6) is presented in the appendix. Note that these equations lead to the following two important results:
(i) For all n > 1 the sequence LR n−1 is admissible:
(ii) For all n > 1 the area P LR n−1 starts at the origin of the plane [a × c]:
The next task, which we have to consider in order to investigate the structure of the 3D parameter space [a × b × c], is to describe the relative positions of areas P LR n−1 and P LR m−1 with respect to each other. This will be done in the next two sections. Of course, the limit cycles O LR n−1 are not the only possible limit cycles. In general an orbit may perform an arbitrary number of circulations (channel passes) before it is mapped to its starting point again. We denote the number J for these circulations as the re-injection number of the corresponding limit cycle. Consequently, the limit cycle O LR n−1 has the re-injection number J = 1. Considering orbits with J > 1, we state, for instance, that the limit cycle O LR n−1 LR n with period 2n + 1 (for an arbitrary n > 1) has the re-injection number J = 2. The limit cycle O LR n−1 (LR n ) 2 with period 3n + 2 has the re-injection number J = 3, etc.
Using the same technique as above we can calculate the limit cycles and their existing areas in the parameter space for J > 1. For instance, we obtain for the limit cycles O LR n−1 LR n = {x i |i = 0, . . . , 2n} (period 2n + 1, re-injection number J = 2):
and
As in the case before, the limit cycles O LR n−1 LR n are stable in the complete area P LR n−1 LR n , because their Lyapunov exponent is negative:
The following results are important:
(ii) For all n > 1 the area P LR n−1 LR n starts at the origin of the plane [a × c]:
(iii) The area P LR n−1 LR n is located between the areas P LR n−1 and P LR n :
. Similar results can be obtained for J > 2 as well. Note that the the calculation becomes more complicated for increasing re-injection numbers but remains possible, because all involved functions are linear with respect to x. In general, if N L (σ ) and N R (σ ) are the numbers of symbols L and R in the symbolic sequence σ , then the Lyapunov exponent of the limit cycle O σ is given by
(see figure 3 ). This result can be obtained in analogy to equation (6) . As a consequence we state that in the case b = 0 the limit cycles of system (1) are super-stable for all values of the parameters a > 0 and c > 0.
Structure of 2D parameter subspaces
After the areas in the parameter space leading to specific periodic dynamics are determined analytically, we can explain the structure of the complete 3D area 11 . For simplicity of explanation, we consider the three characteristic cases b = 0, b < 0 and b > 0 separately and describe firstly the bifurcation structures in the plane [a × c] for these three cases. 
Case b = 0
From equation (5), we yield in the case b = 0
Schematically this result can be represented as follows:
Therefore, the investigated area in the 2D parameter space [a ×c] is covered by regions P LR n−1 , which are disjunct in the case b = 0. Equation (8) implies that all these regions start at the origin of the [a × c] plane, so that in any arbitrary small open neighbourhood of the origin an infinite number of different periodic dynamics exists. Figure 4 demonstrates the structure of the area 11 in the case b = 0. In figure 4 (a) some of the areas P LR n−1 are marked. One can clearly see that all these areas have a triangular shape and start at the origin. Additionally, figures 4(b) and (c) show the bifurcation and period diagrams along the curve marked in figure 4 (a) (a part of the circle given by a = R sin(φ), c = R cos(φ) with radius R = 0.1 and φ = 0 . . . 5π/9). The bifurcation scenario along this curve is caused by a sequence of border collision bifurcations, whereby the periods of the limit cycles in this sequence are given by p n = p 0 + n p with the starting period p 0 and the increment value p (see fig 4(c) ). In the case presented the starting period and the increment value are both equal to one. This scenario is denoted as the period-increment scenario and represents a phenomenon which is typical for dynamical systems with a piecewise-smooth system function.
Note additionally, that in the left part of figure 4(a) the area 8 is shown, where the asymptotic dynamic of system (1) is given by the stable fixed point x * (see section 3). In figure 4(b) we observe that at the border collision bifurcation line a min LR (vertical axis c = 0, a > 0) this fixed point becomes a part of the limit cycle O LR . This phenomenon is typical for dynamical systems with a piecewise-smooth system function (see, for instance, [82] ) and represents a remarkable difference between these systems and classical smooth systems. In smooth dynamical systems a fixed point may change its stability or disappear at the bifurcation point but is not incorporated into an attractor after the bifurcation.
Case
In this case we obtain from equation (5) that for any c > 0 the following holds:
The following scheme shows the relative locations of the parameter intervals, where the limit
As a consequence, for all n > 1 the limit cycles O LR n−1 and O LR n coexist in the interval a min LR n−1 , . . . , a max LR n . Therefore, the investigated area in the parameter space is covered again by regions P LR n−1 , which are however not disjunct in the case b < 0. All these regions start at the origin of the [a × c] plane, so that in any arbitrary small open neighbourhood of the origin an infinite number of different periodic dynamics exists. Figure 5 demonstrates the structure of the area 11 described above. In figure 5 (a) some of the areas P LR n−1 and the overlapping areas P LR n−1 ∩ P LR n are shown. One can clearly see that all these areas have a triangular shape and start at the origin. Additionally, figures 5(b) and (c) show the bifurcation and period diagrams along the curve marked in figure 5(a) . This bifurcation scenario represents again the period increment phenomenon; however, in this case the coexistence of attractors can be observed. Especially, there exists a parameter interval where the fixed point x * coexists with the two-periodic limit cycle O LR .
Case 0 < b < 1
In this case we yield from equation (5) for any c > 0: This result corresponds to the following scheme: In this case, the investigated area in the parameter space is not covered by regions P LR n−1 . We state in this case that between each two subsequent areas P LR n−1 and P LR n there is a 'free space' (see figure 7) . From equation (4) it follows that the area P LR n−1 LR n is located here. However, between the areas P LR n−1 and P LR n−1 LR n , as well as between the areas P LR n and P LR n−1 LR n , there is still 'free space'. Therefore, the question arises, which symbolic sequences σ are admissible for system (1) and how the corresponding areas P σ are located relative to each other. A detailed discussion concerning this topic is beyond the scope of this paper (see, for instance, [82] for a more detailed description). We state that a sequence σ is admissible for system (1) if it can be derived from the sequences P L n−1 R and P L n R for some n using the infinite adding scheme. This scheme is also related to the well-known Farey-trees [83] . The first layers of this scheme are shown in figure 6 . The scheme can be continued layer-wise ad infinitum according to the following simple rule: a symbolic sequence in the nth layer is constructed via concatenation of a sequence from the (n − 1)th layer with the corresponding direct successor of this sequence.
From the construction rule the following property of the infinite adding scheme can be obtained: if a sequence σ = is constructed within this scheme and has direct successors and that correspond to limit cycles with periods p 1 = | | and p 2 = | | and re-injection numbers J 1 and J 2 , then the sequence σ corresponds to a limit cycle with period p 1 + p 2 and re-injection number J 1 + J 2 . This is important, because there exists a bijective mapping between the parameter space of system (1) and the space of admissible symbolic sequences generated within the infinite adding scheme described above. Namely, if σ is an admissible symbolic sequence with direct successors and , then the area P σ lies between the areas P and P in the parameter space [α × β].
Let us consider additionally the bifurcation line a LR max bounding the area P LR from the left. In the case b = 0 this bifurcation line is identical to vertical axis c = 0, which confines the investigated area 11 . For b > 0 the line a LR max has a finite slope, so that a region of the parameter space between this line and the vertical axis c = 0 emerges. In this region we observe the areas P L n−1 R for all n > 2 as well as the areas P σ , whereby the sequence σ can be derived from a pair L n−1 R, L n R for some n. The structure of this region is analogue to the one of the area below the bifurcation line a LR min . Hereby analogue means that the symbols L and R in the admissible sequences σ are exchanged. on the parameter c is linear for all admissible sequences σ , the structure presented in figure 9 does not depend on the radius R. Based on equation (4) we obtain the curves φ (5)) and the corresponding regions P LR n . Additionally some of the bifurcation curves a min LR n−1 LR n and a max LR n−1 LR n (see equation (11)) and the corresponding regions P LR n−1 LR n are marked as well. (18)) and the corresponding regions P LR n .
Multi-parametric bifurcations
Now the results obtained so far must be interpreted in a more general context. Let us first recall some basic notation. According to the standard definition, one can denote as a bifurcation point a point in the parameter space, where the asymptotic dynamics of a dynamical system undergoes a qualitative change. In other words, in an arbitrary small open vicinity of the bifurcation point there exist exactly two different asymptotic dynamics. Investigating 1D parameter spaces, there is no need to introduce any more complex notation. However, when dealing with 2D parameter spaces, the situation becomes more sophisticated. Bifurcation curves in a 2D parameter space confine areas leading to different asymptotic dynamics, so that any 1D parameter study through a point on such a curve corresponds typically to the standard situation described above. An exception is given by the points where several bifurcation curves intersect. In this case, in an arbitrary small open vicinity of these bifurcation points there may exist more than two different asymptotic dynamics. Performing any 1D parameter study through such a point, one can observe at most two of these dynamics. It should be emphasized that the dynamics, which are observed within a 1D parameter study in this case, are specific for the direction of this study and not only for the bifurcation point itself. For this reason, such a bifurcation can be adequately described only in a 2D parameter space and not in a 1D one. Therefore, it has to be denoted as a two-parametric or co-dimension two bifurcation.
The special case of the two-parametric bifurcation, which we are most interested in, is given by the situation that in any open vicinity of the bifurcation point an infinite number of different asymptotic dynamics exists. In [84] it is suggested to denote these points as big bang bifurcations. More precisely, a big bang bifurcation point in a 2D parameter space is defined as a point, where an infinite number of bifurcation curves intersect. This definition seems to be more correct than the one used in [84, 85] , because it also includes the case where the number of different dynamics in an arbitrary small vicinity is finite, but the number of bifurcation curves is infinite. In the literature we know so far, this case is not reported, but it can be easily constructed 1 . The used definition of the big bang bifurcation does not specify which kind of asymptotic dynamics is involved. A more precise classification of big bang bifurcations can be obtained according to the one-parametric bifurcation scenario taking place along the border of an infinite small convex open vicinity of the bifurcation point. Until now, we have detected some dynamical systems, which show along this border such bifurcation scenarios as period doubling, period increment and period adding [85] (see also [81] ). For instance, the piecewise-quadratic map, introduced in [27, 86] as a special kind of Poincaré return map of the Lorenz system, shows an infinite number of big bang bifurcations with the period adding scenario along the border of the vicinity mentioned above.
Of course, there exist not only two-, but also n-parametric (or co-dimension n) bifurcations. According to [50, 60] , the co-dimension of a bifurcation is defined as the difference between the parameter space dimension and the dimension of the bifurcation's domain, i.e. the dimension of the subset of parameters, where the bifurcation occurs. An important question arising in this context is how the co-dimension of a bifurcation can be practically determined. It is beyond the scope of this paper to discuss this topic in full detail; therefore, we restrict ourselves to a brief sketch of the basic ideas. Let us consider a bifurcation point A in the n-dimensional Another situation takes place at the origin a = b = c = 0. We have already stated that under variation of the parameter b the topological structure of the parameter subspace [a × c] is changed at this point. For b < 0 this structure is dominated by the big bang bifurcation with the period increment scenario around the bifurcation point, as shown in figure 5 . In contrast, for b > 0 this structure is determined by the big bang bifurcation with the adding increment scenario around the bifurcation point, as shown in figure 7 . A qualitative change of the asymptotic dynamics can also be observed under variation of a for the parameter subspace [b × c] as well as under variation of c for the parameter subspace [a × b]. Namely, varying the parameter a from negative to positive values in the vicinity of the origin, one shifts the system from the areas 2 and 5 into the areas 8 and 11 . As mentioned in section 3, the asymptotic dynamics in these areas is different. A similar result holds for the variation of c from negative to positive values in the vicinity of the origin. Therefore, the bifurcation at the origin is in fact three-parametric. This fact becomes clearly visible in figure 10 , which combines the numerical results presented above. Horizontal planes in this figure correspond to figures 4, 5, 7, whereas the cylindrical surface around the b-axis corresponds to figure 9. As one can see, the bifurcation lines presented in figure 4 (i.e. in the middle plane in figure 10 ) are in fact two-parametric and intersect each other at the origin.
Summarizing the results, we state that a single three-parametric bifurcation at the origin causes an infinite number of bifurcation lines to emerge (see figure 4(a) ), whereby each point of these lines represents a two-parametric bifurcation as shown in figure 9 . Note that figure 9 shows the situation in the [b × φ] subspace and hence the bifurcation lines shown in figure 4(a) are in this case represented by points on the line b = 0 given by the intersection of the curves figure 7(b) ). Note that the described situation is not specific for the investigated 1D piecewise-linear map but seems to be a frequent case, occurring by the investigation of multi-parametric parameter spaces.
Summary
In this paper a 1D piecewise-linear map is considered. The part of the 3D parameter space where this map shows periodic dynamics is investigated in detail. It is demonstrated that the behaviour of the investigated map is determined by border collision bifurcations, whereby the areas in the parameter space leading to specific limit cycles can be obtained analytically. The main result of the presented work is a detailed description of the multi-parametric bifurcations in the investigated piecewise-linear map. It is shown that this map shows not only the usual one-parametric bifurcations but also an infinite number of two-parametric bifurcations as well as a three-parametric bifurcation at the origin.
Outlook
In this paper only the part of the 3D parameter space is investigated where the considered piecewise-linear map shows periodic dynamics. However, the multi-band chaotic attractors of this map also represent a challenging object for future research. Especially the bifurcation scenarios, for instance the one presented in figure 2(a) , have to be investigated in detail. In this context, the following idea should be pointed out: when dealing with periodic attractors of smooth dynamical systems, the period doubling represents one of the most investigated bifurcation scenarios. The periods of limit cycles are given in this case by the geometrical series p n = p 0 · 2 n where p 0 is the starting period and p n the period after the nth flip bifurcation. It is also well known that the period doubling scenario is typically followed by the band merging scenario, where the number of bands of chaotic multi-band attractors is given by the same geometrical series (in reverse order). Remarkably, both scenarios are strongly connected (for instance, the limit cycles, becoming unstable at the nth flip bifurcation, are involved in the nth band merging bifurcation). When dealing with piecewise-smooth dynamical systems, the period increment scenario like the one presented in figures 4(b) and (c) is often observed. In this case, the periods of limit cycles are given by the arithmetical series p n = p 0 +n p, with the starting period p 0 and the increment value p. As far as we know, the corresponding scenario, where the number of bands of chaotic multi-band attractors is described by the arithmetical series, has not been investigated until now. The phenomenon presented in figure 2(a) leads us to the assumption that this scenario exists and that there is also a connection between this scenario and the period increment scenario.
Appendix A. Proof of equation (3)
It can be easily shown that the points belonging to the limit cycle O LR n−1 satisfy the condition 
Appendix B. Proof of equation (5)
In order to prove equation (5), one has to determine the parameter values for which equation (A.1) is satisfied. Hereby it is necessary to consider only the conditions x 0 < 0 and x n−1 > 0. Inserting equation (3) into these conditions, one obtains equation (5) .
Appendix C. Proof of equation (6)
Note that the natural measure ρ(x) of an n-periodic attractor A ⊂ R is uniformly distributed on its points, i.e. is given by Equations (12) and (14) are obtained analogously.
